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Abstract. The non-cutoff Kac operator is a kinetic model for the non-cutoff ra- 
dially symmetric Boltzmann operator. For Maxwellian molecules, the linearization 
of the non-cutoff Kac operator around a Maxwellian distribution is shown to be a 
function of the harmonic oscillator, to be diagonal in the Hermite basis and to be 
essentially a fractional power of the harmonic oscillator. This linearized operator 
is a pseudodifferential operator, and we provide a complete asymptotic expansion 
for its symbol in a class enjoying a nice symbolic calculus. Related results for the 
linearized non-cutoff radially symmetric Boltzmann operator are also proven. 



1. Introduction 

1.1. The Boltzmann equation. The Bohzmann equation describes the behaviour 
of a dilute gas when the only interactions taken into account are binary collisions [7]. 
It reads as the equation 



:i.ii 



dtf + v-WJ = QifJ), 
f\t=o = /O) 



for the density distribution of the particles / = f{t,x,v) > at time t, having 
position X E M.'^ and velocity v G M.'^. The Boltzmann equation derived in 1872 
is one of the fundamental equations in mathematical physics and, in particular, a 
cornerstone of statistical physics. 

The term appearing in the right-hand-side of this equation Q{f, f) is the so-called 
Boltzmann collision operator associated to the Boltzmann bilinear operator 

(1.2) Q{gJ)= [ [ B{v-v,,a){g'J'-gj)dadv,, 

with d > 2, where we are using the standard shorthand = f{t,x,v'^), f = 
f{t,x,v'), = f{t,x,v^), f = f(t,x,v). In this expression, v,v^: and v',v[ are the 
velocities in R*^ of a pair of particles respectively before and after the collision. They 
are connected through the formulas 

, v + v^ \v - vJ , v + v^ \v - vJ 
^=^ + ^— ^' ''* = —2 2—^' 

where the parameter a G E>'^~^ belongs to the unit sphere. Those relations cor- 
respond physically to elastic collisions with the conservations of momentum and 
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kinetic energy in the binary colhsions 



/ I / I |2 I I |2 I /|2 I I / |2 



where | ■ | is the Euchdean norm on Mf^. 

For monatomic gas, the cross section B{v — v^, a) is a non-negative function which 
only depends on the relative velocity |f — ?;^,| and on the deviation angle 9 defined 



through the scalar product in 

V — IK 



COS 9 = k ■ a, k 



\v — 



Without loss of generality, we may assume that B{v — v,,,a) is supported on the set 
where 

A; ■ a > 0, 

i.e. where < 6' < |. Otherwise, we can reduce to this situation with the customary 
symmetrization 

B{v - f*, a) = [B{v - v^, a) + B{v - v^, -a)] l{„.k>o}, 

with 1^ being the characteristic function of the set A, since the term appearing 
in the Boltzmann operator Q{f, f) is invariant under the mapping a — ?■ —a. More 
specifically, we consider cross sections of the type 

(1.3) B{v-v,,a) = ^{\v-v,\)b(^—^-a), 
with a kinetic factor 

(1.4) ^{\v-v^\) = \v-v^\^, 7 e] - c/, +cx)[, 
and a factor related to the deviation angle with a singularity 

(1.5) {sm9Y'%{cos9)^^^^9-'-^', 

foiQ some < s < 1. Notice that this singularity is not integrable 

\sm9y~%{cos 9)d9 = +oo. 



This non-integrability plays a major role regarding the qualitative behaviour of the 
solutions of the Boltzmann equation and this feature is essential for the smoothing 
effect to be present. Indeed, as first observed by Desvillettes for the Kac equation [Sj, 
grazing collisions that account for the non-integrability of the angular factor near 
^ = do induce smoothing effects for the solutions of the non-cutoff Kac equation, 
or more generally for the solutions of the non-cutoff Boltzmann equation. On the 
other hand, these solutions are at most as regular as the initial data, see e.g. |27] . 
when the cross section is assumed to be integrable, or after removing the singularity 
by using a cutoff function (Grad's angular cutoff assumption). 

The physical motivation for considering this specific structure of cross sections is 
derived from particles interacting according to a spherical intermolecular repulsive 
potential of the form 

0(p) = — , > 1, 



The notation a « 6 means a/6 is bounded from above and below by fixed positive constants. 
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with p being the distance between two interacting particles. In the physical 3- 
dimensional space R^, the cross section satisfies the above assumptions with 

s = ^e]0,l[, 7 = l-4sG]-3,l[. 

For further details on the physics background and the derivation of the Boltzmann 
equation, we refer the reader to the extensive expositions [71 [25] . 

In the present work, we study the non-cutoff Kac collision operator. The Kac 
operator is a one-dimensional collision model for the radially symmetric Boltzmann 
operator defined as 

(1.6) K{g, f)= [ m ( I WJ' - 9J)dv)j dO, 

J|e|<f \Jr J 

with = /(t,x,0, /' = f{t,x,v'), = f{t,x,v^), f = /(t,x,w), where the 
relations between pre and post collisional velocities given by 

(1.7) f ' = cos 6* — t^^, sin ^, v'^ = v sinO + v^^cosO, f,f*GM, 
follow from the conservation of the kinetic energy in the binary collisions 

2,2 /2 I /2 

V + = V 

and where the cross section is an even non-negative function satisfying 

(1.8) /5>0, /3gLL(0,1), f3{-9) = m- 

As for the Boltzmann operator, the main assumption concerning the cross-section 
is the presence of a non-integrable singularity for grazing collisions 

(1-9) m ,^ol^l"'"'^ 

with < s < 1. Details about the definition of the Kac operator as a finite part 
integral are recalled in Section 14.2.11 In particular, when acting on functions de- 
pending only on the velocity variable, the function K{g, f) is shown to belong to the 
Schwartz space o5^(M„) when g, f & ^(M^,) (Lemma 14.21) . As pointed out in [9], the 
non-integrability feature (11. 9p accounts for the diffusive properties of the non-cutoff 
Kac equation. We aim in this work at displaying the exact diffusive structure of 
the non-cutoff Kac operator. More specifically, we shall be concerned with a close- 
to-equilibrium framework and provide a complete spectral and microlocal analysis 
of the linearization of the non-cutoff Kac operator around a normalized Maxwellian 
distribution. 

1.2. The linearized Boltzmann operator. We begin by recalling some prop- 
erties of the linearized Boltzmann operator. We consider the linearization of the 
Boltzmann equation 

/ = /i + ^/Jlg, 

around the Maxwellian equilibrium distribution 

(1.10) fi{v) = {27Tyh-^. 

Since Q{fi, yu) = by the conservation of the kinetic energy, the Boltzmann operator 
Q{f, f) can be split into three terms 

Q{p + ^g,p + y/Jig) = Q{p,^g) + Q{^g,p) + Q{^g,^g), 
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whose linearized part is Q{fi, ^/Jig) + Q{^/Jig.,^). Setting 

(1.11) ^g = ^^g + ^2g. 
with 

(1.12) ^,g = -fi-'/'Qifi, fi'/'g), ^2g = -f^-'^W^'g, /i), 

the original Boltzmann equation f ll.ip is reduced to the Cauchy problem for the 
fluctuation 



;i.i3) 



dtg + v- V^g + ^g = 12 ^^^Qiy/JIg, y/jJg), 
g\t=o = go- 



The Boltzmann operator is local in the time and position variables and from now 
on, we consider it as acting only in the velocity variable. This linearized operator is 
known [7] to be an unbounded symmetric operator on L^(M^) (acting in the velocity 
variable) such that its Dirichlet form satisfles 

{■^g,g)L^R'i) > 0. 

Setting 

Pg = {a + b- V + cli^H/i^/^ 

with a,c ^ M., b ^ M.'^, the L^-orthogonal projection onto the space of coUisional 
invariants 

(1.14) Af = Span{/ii/^ v^fi'^^, V/'}, 
we have 

(1.15) {^g, g)mRd) = 0^g = Pg. 

For Maxwellian molecules, i.e. when 7 = in the kinetic factor (11. 4p . the spectrum 
of the linearized Boltzmann operator is only composed by eigenvalues explicitly 
computed in [26]. See also O [TJ [8]. Cercignani [6] about forty years ago noticed 
that the linearized Boltzmann operator with Maxwellian molecules behaves like a 
fractional diffusive operator. Over the time, this point of view transformed into the 
following widespread heuristic conjecture on the diffusive behavior of the Boltzmann 
operator as a flat fractional Laplacian [H O |25] : 

/ (-)■ Q{fi, f) ~ —{—Ay)^f + lower order terms. 



with < s < 1 being the parameter appearing in the singularity assumption (11. 5p . 
See pTf [T8| [T9] for works related to this simplifled model of the non-cutoff Boltz- 
mann equation. Regarding the linearized non-cutoff Boltzmann operator for general 
molecules, sharp coercive estimates in the weighted isotropic Sobolev spaces H^{M.'^) 
were proven in P H EH 1201 EI] : 

(1.16) \\{l-P)g\\ls+\\{l-P)g\\l. <i^g,g)LHm^'"' 



where 

i7f(M^) = {/ G ^'(R"') : (1 + \v\^y^f e H^{W^)], k,leR. 

As a byproduct of our analysis of the linearized non-cutoff Kac operator, we inves- 
tigate in this work this heuristic conjecture in the particular case of the linearized 
non-cutoff Boltzmann operator with Maxwellian molecules acting on radially sym- 
metric functions with respect to the velocity variable. This linearized non-cutoff 
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radially symmetric Boltzmann operator will be shown to be a function of the har- 
monic oscillator 

(1.17) n = -A, + ^ 

and to be equal to the fractional harmonic oscillator 

|2. 



1 - A,: 



\v\ 

T 



up to some lower order terms, where < s < 1 is the parameter appearing in the 
singularity assumption (11.51) . We shall also display the exact phase space structure 
of this operator which will be shown to be a pseudodifferential operator 

^f = riv,D,)f, 

when acting on radially symmetric Schwartz functions / G J^ri^t), whose symbol 
admits a complete asymptotic expansion 



2 \ s—k 



(1.18) iiv,o ~ co(i + ler + - rfo + X^c,(i + ler + ^ 

k=l 

with Co, (io > 0, Cfc G M when A; > 1. This asymptotic expansion provides a complete 
description of the phase space structure of the linearized non-cutoff radially sym- 
metric Boltzmann operator and allows to strengthen in the radially symmetric case 
with Maxwellian molecules the coercive estimate f ll.l6p as 

(1.19) wnHi - p)/||i. < (^/, f),. < wnHi - p)/||i., / g ^.(m'^), 

where "H is the harmonic oscillator. However, let us mention that the general (non ra- 
dially symmetric) Boltzmann operator is a truly anisotropic operator. This accounts 
in general for the difference between the lower and upper bounds in the sharp esti- 
mate fll.l6p . In the recent works [U [HI [T2] , sharp coercive estimates for the general 
linearized non-cutoff Boltzmann operator were proven. In [Ij, these sharp coercive 
estimates established in the three-dimensional setting d = 3 (Theorem 1.1 in [1]), 

(1.20) 111(1 - P)/|||5 < (^/, /)^. < 111(1 - P)/|||^, / G ^(M^), 
involve the anisotropic norm 

(1.21) |||/|||2= / \y-y^\'fb{cose){^i^if'-fY + f^{y^-^y)dvdv,da, 
whereas in [HI [12], coercive estimates involving the anisotropic norms 



2 



^7 + 2s 



7 + 2S + 1 , 7 + 2a + l 



\fiv)-fiv')\' 



d{v, v' 



where 



d{v, v') = \l \ v — v'\'^ + -{\v\ 



|W'P)2 



were derived and a model of a fractional geometric Laplacian with the geometry of 
a lifted paraboloid in M'^^^ was suggested for interpreting the anisotropic diffusive 
properties of the Boltzmann collision operator. 
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2. Main results 

2.1. Main results for the linearized non-cutoff Kac operator. We consider 
the non-cutoff Kac collision operator (11. 6p whose cross section satisfies to the as- 
sumptions (II. 8p and (11.91) . As before for the Boltzmann equation, we consider the 
fluctuation around the normalized Maxwellian distribution 

1 

by setting 

/ = + y/J^h. 

Since K{^, /i) = by conservation of the kinetic energy, we may write 

K{fi + ^/]2h, fi + ^/]2h) = K{fi, ^/Jlh) + K{^h, /i) + K{^h, ^/Jlh) 
and consider the linearized Kac operator 

(2.1) O = /Ci/i + /Cs/i, 
with 

(2.2) Kih = -fi~^/^K{fi, fi^/^h), /Ca/i = -fi~^^^K{fi^/^h, fi). 

The flrst result gives an operator-theoretical formula expressing the flrst part of 
the linearized non-cutoff Kac operator as a function of the contraction semigroup 
generated by the one-dimensional harmonic oscillator 

(2.3) n = -A, + ^. 

We refer the reader to section |4. 4. ll for a reminder on classical notations and formulas 
for the harmonic oscillator and the Hermite functions. 

Theorem 2.1. The first part of the linearized non- cutoff Kac operator defined by 

/Ci/ = -/i-V2K(/i,/iVV), 

is equal to 

TT 

;Ci = (3{9)(l - {sece)hxp{-'H\n{sec9))ye, 
where H is the one- dimensional harmonic oscillator \2.'J\) so that 



7T_ 

(2.4) ^1 = 5Z ( r - {co^df)deyu 

k>l "^"f 



where the projections P^t onto the Hermite basis are described in Section 4-4-^ 



Let us underline that in the integrals appearing in the formula (12.41) the singularity 
at of the function (3 is erased by the factor (1 — (cos6')'^) which vanishes at the 
second order. The integrals in Theorem 12.11 are therefore to be understood in the 
sense of Lemma 14.11 This flrst result shows that /Ci is an unbounded nonnegative 
operator on L^(M) which is diagonal in the Hermite basis. Furthermore, the more 
precise calculation (14.181) shows that the domain of the operator /Ci can be taken as 

(2.5) 1) = |u e L2(M), k'^'W^kuWh < +0O j = {ue L^{R), Wu e L\R)}. 

k>0 
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The next theorem provides an operator-theoretical formula expressing the second 
part of the linearized non-cutoff Kac operator as a function of the spectral projections 
of the one-dimensional harmonic oscillator: 



Theorem 2.2. The second part of the linearized non- cutoff Kac operator defined by 

IC2f = -fi~'/'K{fi'/'f,fi), 

is equal to 



+00 
1=1 



21- 



Furthermore, there exist some positive constants Ci,C2 > such that 
(2.6) < -/C2 < ci exp -ca'H, 

where T-L is the one- dimensional harmonic oscillator ^23\) and Fk are the spectral 



projections onto the Hermite basis described in Section 4-4-^ 



Let us notice that in the integrals appearing in Theorem 12.21 the singularity at 
of the function /3 is erased by the factor (sin 6*)^' which vanishes at order 21 > 2. 
The operator /C25 as well as T-L^ C2 for any G N, is a trace class operator on 
L^(M). As the first part of the linearized non-cutoff Kac operator, the second part 
K,2 is also diagonal in the Hermite basis. We therefore obtain the following spectral 
decomposition of the linearized non-cutoff Kac operator: 



Theorem 2.3. The linearized non- cutoff Kac operator defined by 

icf = -^-v^i^(/.,//V) - /i-^/^/i(//V,/i), 

is a non-negative unbounded operator on L^(]R) with domain V defined in Ii2.5\) . It 
is diagonal in the Hermite basis 

(2.7) /C = ^AA, 

k>l 

with a discrete spectrum only composed by the non-negative eigenvalues 

' (3(6) {1- (cos 9 f^+^)d9>0, k>0, 
■f 

(2.9) A2fc = /3(e) (1 - (cos^)2^ - (sin^)2^) rf^ > 0, k>l, 

satisfying to the asymptotic estimates 

(2.10) Afc ^ fc** when k — )■ +00. 



We notice that the lowest eigenvalue zero corresponds to the fact that the Maxwellian 
distribution /x is an equilibrium 

/C//2 = -j^~y^K{fi,ij,) - jj-^/^Kii^^fi) = 0, 

by conservation of the kinetic energy. We shall now relate these operator-theoretical 
properties to the phase space structure of the linearized non-cutoff Kac operator. To 
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that end, we define for any m G M the symbol classes S'"(M^'^) as the set of smooth 
functions a{v,^) from M'^ x R"' into C satisfying to the estimates 

(2.11) V(«,/3) G N'',3C^„ > OMv,0 e M.'", \d:d^^a{v,0\ < 0)'""'"'""", 



with — a/1 + |f P + l^p. We consider the Weyl quantization of symbols in 

the class S"*(M2'^) 

(2.12) a-^y^D,)u=-^f e^(^'-y>^a(^y,^)u{y)dydt 

Some reminders about the Weyl quantization are recalled in Section 14.4.31 We notice 
in particular that the Weyl symbol of the d- dimensional harmonic oscillator 

ier + ^ G s1(m2^), 

is a first order symbol in this symbolic calculus. The symbol class S~°°(M^'^) denotes 
the class nmgMS"^(]R^°'). We define for m > the Sobolev space 

(2.13) B'^iR^) = {u€ L\R^), TTu G L^{M.'^)]=\u G L^{M!^), ^'^'^\\^ku\\l2 < +00} 

fc>i 

and B-'^iW^) as the dual space of B'^{W^). It follows from the general theory of 
Sobolev spaces attached to a pseudodifferential calculus (see e.g. Section 2.6 in (TB]) 
that 

Vm G M, E^tM"^) = {ue y\W^),^a G S^tM^'^), a^^n G L^{W^)]. 
For definiteness, we shall now make the following choice for the cross section 

(2.14) /^w = n^^' 1^1 < I- 

With that choice, we get a more precise equivalent than in Theorem 

21+. 

(2.15) Xk ~ c^k^ when k — )■ +00 with cq = r(l — s). 



Theorem 2.4. Under the assumption fl2.14p . the linearized non- cutoff Kac operator 

ic = r{v,D,), 

is a pseudodifferential operator whose Weyl symbol l{v,^) is real-valued, belongs to 
the symbol class S^(]R^) with the following asymptotic expansion: there exists a se- 
quence of real numbers {ck)k>i such that 

\/N>l, liv, 0^00(1 + e + ^y-do + J2 Ck{l+e + ^y~ mod S-^-^ (M^) , 

fc=i 

where the two positive constants co,do > are defined in (12.151) and (13.211) . 

This result shows that the linearized non-cutoff Kac operator is a pseudodifferential 
operator whose principal symbol is the same as for the fractional harmonic oscillator 

co(^l- A, + — j . 
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According to standard results about the phase space structure of the powers of posi- 
tive eUiptic pseudodifferential operators (see e.g. Section 4.4 in [13]), we notice that 
the hnearized non-cutoff Kac operator is equal to the fractional harmonic oscillator 

Co(^l- A, + — 

up to a bounded operator on L^(M). Let us underline that the fractional power 
< s < 1 of the harmonic oscillator only relates to structure of the singularity (11. 9p 
whereas the different constants do, {ck)k>o appearing in the asymptotic expansion 

(2. 16) /(^, ^) ^ Co (l + + ^) ' - rfo + 5^ (l + + ^) , 

k=l 

may be computed explicitly and depend directly on the exact expression chosen for 
the angular factor (12.141) . This asymptotic expansion provides a complete description 
of the phase space structure of the linearized non-cutoff Kac operator. As we shall 
see in the proof of Theorem 12.41 the two parts /Ci and /C2 account very differently 
in the way the linearized non-cutoff Kac operator acts. The first part /Ci is a 
pseudodifferential operator whose Weyl symbol /i accounts for all the asymptotic 
expansion of the symbol I, 

h{v,0 ~ co(l + + j)' - rfo + $^Cfc(l + + j)' , 

fc=l 

whereas the symbol of the operator /C2 belongs to the symbol class S~°°(]R^). This 
shows that IC2 is a smoothing operator in any direction of the phase space 

\\{vf^lC2f\\H-HU)<\\f\\LHR), 

for all Ni, N2 E N, f ^ t5^(M) and that IC2 defines a compact operator on L^(M). 

2.2. Main results for the linearized non-cutoff radially symmetric Boltz- 
mann operator. We consider the linearized non-cutoff Boltzmann operator defined 
in (11.111) with Maxwellian molecules 

if / = -/x-i/2Q(/x,//V) -/i"'/'Q(//V,/i), 

acting on the radially symmetric Schwartz space on (see Section I4.4.4p with 

d>2, 

(2.17) ^,(M^) = {/ G S^iM''),yv G M^V^ G Oid),f{v) = f{Av)} = {f{\v\)} / even , 



where 0{d) stands for the orthogonal group of M'^. We recall that the case of 
Maxwellian molecules corresponds to the case when 7 = in the kinetic factor (II. 4p 
and that the non-negative cross section b{cos6) is assumed to be supported where 
cos 6' > and to satisfy the assumption (11.51) . We define the following function 

(2.18) /3{e) = |§^-2|| sin2^|^"2^(cos2e)^^J^|-i-2^ 

The first result gives an operator-theoretical formula expressing the first part of the 
linearized non-cutoff radially symmetric Boltzmann operator as a function of the 
contraction semigroup generated by the li-dimensional harmonic oscillator: 
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Theorem 2.5. When it acts on the function space ^r{^'^), the first part of the 
linearized non-cutoff Boltzmann operator with Maxwellian molecules defined by 

^if = -fi~'/'Q{fi,fi'/'f), 

is equal to 

TT 

(2.19) £i= (3(9) (l- {sece)hxp{-'Hln{sece))^ de, 

where (3 is the function defined in (12.181) and T-L = —Ay + ^ is the d-dimensional 
harmonic oscillator so that 

TT 

(2.20) '^i = 5Z ( f l - (cos^)'=)rf^)Pfe, 



where the projections onto the Hermite basis are described in Section\4-4-l 



As for the first part of the linearized non-cutoff Kac operator, the domain of the 
operator Ci can be taken as 

(2.21) V= |n G L2(M^),5^A;2^||Pfcn||2, < +cx)} = {u e L\R''),n'u e L^{R'')}. 

k>0 

Similarly to the second part of the linearized non-cutoff Kac operator, the next 
theorem provides an operator-theoretical formula expressing the second part of the 
linearized non-cutoff radially symmetric Boltzmann operator as function of the spec- 
tral projections of the harmonic oscillator. 



Theorem 2.6. When it acts on the function space ^^(I^'^)? the second part of the 
linearized non- cutoff Boltzmann operator with Maxwellian molecules defined by 

^2/ = -/i-^/'g(/x^/V,/i), 

is equal to 

TT 

(2.22) ^^ = -Y.{l\ /3W(sm^)''rf^)P2/, 

i>i -^^1 

where /3 is the function defined in f l2.18p and P^ are the spectral projections onto 
the Hermite basis described in Section \4.4-l\ Furthermore, there exist some positive 
constants Ci,C2 > such that 

(2.23) < -£2 < ci exp -C2H, 

where 1-i = — + is the d-dimensional harmonic oscillator. 



Collecting the two previous results and using the fact that P2fc+i/ = when k > 
and / G S^ri^'^), we recover in the radially symmetric case the spectral diagonaliza- 
tion obtained in [22] for the linearized Boltzmann operator: 
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Corollary 2.7. When it acts on the function space ^,.(]R'^), the linearized non-cutoff 
Boltzmann operator with Maxwellian molecules 



,1/2 



is equal to 



k>l 



sm I 



\2k 



cos9Y'')d9)F2k 



where /3 is the function defined in fl2.18p and are the spectral projections onto the 
Hermite basis described in Section\4.4-l\ Furthermore, the estimates 



(2.24) 



(3{e){l - {sinef' - {cosef'')de ^ F when k +oc, 



are satisfied and imply the following coercive estimates 

(2.25) wnHi - p)/||i. < (^/, f),. < wnHi - p)/||i., 



for f G =5^r.(R'^), where H = — A„ + is the d-dimensional harmonic oscillator. 



Let us mention that the results of Theorems 12. 5^ 12.61 and Corollary 12.71 (except for 
fl2.24p and fl2.25p ) hold true as well for the cutoff case when /3 is integrable. For 
definiteness, we shall now make the following choice for the cross section 





cos 


9 
2 




Isinf 


14 


-2s 



(2.26) (3(6) = sin2^|'*-'6(cos2^) 

With that choice, we get as before a more precise equivalent than in Corollary 12.71 

(3{9){1 - {smOf' - {cos9Y'')d9 ~ Co(2A;)^ 
when k — +oo, where the positive constant cq > is defined in fl2.15p . 



Theorem 2.8. Under the assumption fl2.26p . the linearized non- cutoff Boltzmann 
operator with Maxwellian molecules acting on the radially symmetric function space 
^r(lR"') is equal to a pseudodifferential operator 

^f = r{v,D,)f, fe^ri^"), 

whose Weyl symbol l{v , C.) is real-valued, belongs to the symbol class S^(]R^'^) with the 
following asymptotic expansion: there exists a sequence of real numbers {ck)k>i such 
that ViV > 1, 

I |2 N I 12 

k=l 

where \ ■ \ is the Euclidean norm and co,do > are the positive constants defined in 
(12351) and fICTD . 
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This result shows that when acting on the function space ^ri^"^), the hnearized 
non-cutoff Bohzmann operator with Maxwelhan molecules is a pseudo differential 
operator whose principal symbol is the same as for the fractional harmonic oscillator 

co(i - A,+ ^y. 

For Maxwellian molecules, this accounts for the exact diffusive structure of the 
linearized non-cutoff radially symmetric Boltzmann operator and shows that this 
operator is equal to the fractional harmonic oscillator 

c„(l-A.U^)'. 

up to a bounded operator on L^(M'^). Let us mention that the phase space structure 
of the linearized non-cutoff Boltzmann was first investigated in [221 [2S], but these 
results were somehow controversial (see remarks in [lOl US]). In these works, the 
linearized non-cutoff Boltzmann with Maxwellian molecules and s = 1/4 in the 
assumption (11. 5p was shown to be a pseudodifferential operator whose symbol in the 
standard quantization satisfies to the following estimates 

3ci,C2 > 0, Rep{v,^) > Ci(|^P+ |t;|2)3 - C2, 

\p{v,0\<{v)HO'', Va,/3eN^ |«| + |/3|>1, < ((^,0)^- 

From a microlocal view point, these estimates are of a limited interest since the 
above estimates only point out that the symbol p belongs to a gainless symbol class 
without any asymptotic calculus. In the radially symmetric case, the situation is 
much more favorable since the Weyl symbol of the linearized non-cutoff Boltzmann 
operator with Maxwellian molecules belongs to S'*(M^'^) which is a standard symbol 
class enjoying nice symbolic calculus (see Lemma 2.2.18 in [TH])- Indeed, the function 
space S™(]R^'^) which writes with Hormander's convention as 



2m \dv\'+m' 

is a symbol class with gain A = ((f,^))^ in the symbolic calculus 

s.^'^^'s.^^ 0102 +^ {01,0-2} +••• 

As for the linearized non-cutoff Kac operator, the two operators Ci and £2 defined 
in Theorem 12.51 12.61 account very differently in the way the operator l^{v,Di,) acts 
on functions. The first part Ci is a pseudodifferential operator whose Weyl symbol 
accounts for all the asymptotic expansion of the symbol /, 

I |2 I |2 _fc 

hiv.o ~ co(i + ler + - rfo + + 1^1' + ^)'" ' 

k=l 

whereas the symbol of the operator £2 belongs to the class S'~°°(]R^'^). This shows 
that £2 is a smoothing operator in any direction of the phase space 

\\{v)'^^C2f\\H^2(Md) < ||/||L2{Rd), 

for all Ni,N2 eN, f e ^(M'^) and that £2 defines a compact operator on L^(M'^). 
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All the results about the linearized non-cutoff radially symmetric Boltzmann op- 
erator are a byproduct of the analysis of the linearized non-cutoff Kac operator. 
More specifically, the article is organized as follows. Section O is devoted first to 
some reminders about the Mehler formula and to the proofs of the results for the 
linearized non-cutoff Kac operator. The link between the Kac operator and the 
radially symmetric Boltzmann operator together with the proofs of the results con- 
cerning the radially symmetric Boltzmann operator are given in Section 13. 4[ The 
appendix in Section |4] provides a useful lemma to handle singular kernels, some for- 
mulas for the collision operators and the statement of Bobylev formulas used in the 
previous sections. 

3. Proof of the results 

3.1. The Mehler formula. We begin by recalling the Mehler formula which will 
play an important role in our analysis. The Mehler formula provides an explicit 
formula for the Weyl symbol of the semigroup generated by the harmonic oscillator 

4 

Let 

(t;,OeM'^xM'^h^g(t;,OeC, 

be a complex- valued quadratic form with a positive definite real part Re g ^ 0. 
Associated to this quadratic symbol is the Hamilton map F G M2d{'C) uniquely 
defined by the identity 

where •) stands for the polarized form associated to q and a is the canonical 
symplectic form on R^*^, 

a{{v,0,iy,v))=^-y-v-V, (t^,0eM2"', (y,r/)GM'"'. 
The differential operator defined by the Weyl quantization of the quadratic symbol q, 

]_ f Mv-vY£jy + '" 
(2vr) 

equipped with the domain 

D{q) = {ue L''{W^) : q'"{v,D,)u G ^^(M'^)}, 
is maximally accretive 

Re(g"'(t;, D^)u, u)^^ > 0, u e D{q). 
This operator generates a contraction semigroup (e~*'^" )t>o whose Weyl symbol 

is given by the Mehler formula [11] (Theorem 4.2), 

, , exp(— afX, tan(tF)X)) , n^. , . 

y det(cos tF) 

for any t > 0. The Weyl symbol of the one-dimensional harmonic oscillator is 

q{v,0 = e + j. 



q-[v,D,)u{v) = —-^ / e'^^'-y>^q{^^,i)u{y)dydi, 
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A direct computation shows that its Hamilton map 



1 



satisfies 



F'' = -^l2d, cos(tF) = cosh(0/2rf, sin(tF) = 2sinh(0F, 



where l2d stands for the identity matrix. This imphes that 

■t' 

Moreover, we have 



tan(tF) = 2 tanh F, Vdet(costF) = cosh 



a{X, tan(tF)X)) = 2 tanh (^^) a{X, FX) = 2 tanh (^^) q{X) = 2 tanh (^^) (^f + ^ 

By tensorization, we deduce that the Weyl symbol of the semigroup 

exp-tn = pr{v,D,), 

generated by the dimensional harmonic oscillator = —A 

exp[-2tanh(|)(|e|2 + 



is given by 



(3.1) 



4 



cosh 



d/ t ' 



for any t > 0. According to fl4.16p . we may write 



k- 



k>0 



Setting z = tanh(|), we have 



tanh ^ z = - In — j ; cosh ^- j = cosh(tanh ^ z) 



Following [21] (p. 204-205), we obtain the following formula as L^(M'^)-bounded 
operators 

(3.2) 



exp-(2z(|ep 



\v\ 

T 



' k>0 



holding for any z E C, Rez > 0, the latter condition ensuring that 
may rewrite (13. ip as 



1+zl 



< 1. We 



(3.3) 



exp- 2. + ^ 



1 



'1-z^n 



exp ( "H In 



1 - z 

TT~zJ' 



when \z\ < 1, Res; > 0. Notice that the condition \z\ < 1 ensures that Re(Y-^) > 
and Re;z > that Re(lnY^) < 0. On the other hand, the identity (13. 2p provides 
for z = 1, 

(3.4) Po = [2^6-2(1^1^+^)' 
We can reformulate (13.30 as 

(3.5) exp -2nC = (1 - tanh^ () 



_2(|^|2 + M!)tanhC 



ANALYSIS OF THE NON-CUTOFF KAC COLLISION OPERATOR 



15 



for any for C ^ C such that Re^ > 0, | lm(\ < ^. For the present analysis of the 
hnearized non-cutoff Kac operator, additional identities linked to the Mehler formula 



are needed. For 9 G (— |, |), we set 



By using that 



t = 2tanh"^ (^tan^ 

tanh~^ C = — In ( ^ 
^ 2 VI 



we obtain that 



, ,l + tan2(„. 



1 - tan^f 



2-(cos|)-2 



In 



cos^ 



and 



' t \ 1 1 1 

cosh ( - j = -((cos6')~2 + (cos6')^) 



COS 



fcos6')2 



As a result, it follows that 



C0S2'^(|) 



g-2tanh{|)(|a2 + ^) 

COsh'^d) C0S2'^(|) 
g-2tanh(i)(|C|2 + M!) 



cos^'^d) 



(cos^) 



cosh' 



Then, we deduce from (13.11) that for any \Q\ < |, 



cos I 



(3.6) (cos^)-^exp-(^Hln 



For < 61 < |, we have 



cos 9 



g-2tan2(|)(|€P + ^) 



cos^'^d) 



cos^ 9 1 — z . 2 4sin^ 

= sin f) 1 — = 

(l + sin^)2' 1 + z ' (l + sin^)2- 



The formula (13. 3p provides that 



(1 + sin^)" 



g (l+sinfl)^ 



(151^+^) 



2^(sin^)2 



^exp?/ln(sine) = -5^(sin^)¥,. 



fc>0 



for any < 9 < |. This formula extends by analytic continuation 



(1 + sin I 



g (l+sinS)' 



^5^(sin^)^P, 

fc>0 



for any \9\ < |. We deduce from ( lO) that for any |6'| < | 



2 ' 



(3.7) 



_2_ cos2 9 ,|t|2 , |ti|2 . 



g (l+sinfl) 



(1 + sin 6')'^ 



+ 



_2_ cos2 S ,|t|2 I |ii|2 . 



g (l-sin9) 



7(151^ + ^) 



(1 - sin 6')'= 



2^ 



sine)2'P. 



2i 



«>0 
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and 



(3.8) 2 



d-l 



cos^ fl /\t:\2 I \v 



g (l-sinS)^ 



'1 -sin^)'^ 



-2° 



£-2(1?!^ + ^) 



3.2. Study of the linearized operator ICi. We study the first part of the lin- 
earized non-cutoff Kac operator 

defined in (12.21) as a pseudodifferential operator given by the Weyl quantization of 
a symbol li. 



Lemma 3.1. The Weyl symbol of the operator /Ci is equal to 

e 



(3.9) k{v,i)= I m 

\e\<l 



l_sec^(-jexp(^-2tan^ ^ + T 



Furthermore, the operator Ki is equal to 

(3.10) /Ci=/ /3(^) [l - (sec^)^exp-(?/ln(sec^)) 

J\e\<l L 

is diagonal in the Hermite basis 



d9. 



(3.11) 

where 
(3.12) 

when k +oo. 



k>l J\s\<^ 



el<f 



/3(e) (1 - {cosef)de ^ k' 



de. 



Notice that the functions of 9 inside the integrals factoring /3 are even, vanish at 
and are smooth on the compact interval of integration. Lemma 14.11 may therefore 
be applied and the symbol li is indeed given by a Lebesgue integral. 



Proof. Let u be in the Schwartz space ^(M). It follows from the Bobylev formula 
(Lemma 14. 4p and the Fourier inversion formula that 



JJ I3{e) A^(0)/IV%(r/) -/2(r/sine)/IV2^(r/cos( 



e 4 



(27r 



e'^^dride. 



Recalling the formula written in the ci- dimensional case for future reference 



(3.13) 



_£iU|2 (27r)2 _|«|^ 



a2 
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when a > 0, we notice that = e 2 . It follows that 

^Rx(-f,f) 

|0|<f 

where the distribution-kernel of the operator /Ci is given by the oscillatory integral 



= So{v - y) 
= 6o{v - y) 



2 ■ 2 



e''"'dr] 



1 

— e i I e 2 e 
27r 



ij/r; cos a tvrj 



e 4 



Since 



« / y , y 



5o(y) 



27r| sin 9 



e 2 



exp 



exp 



{v — y cos ^ 
2 sin^ ^ 



2 sin^ e 



/2n\ sin 6*1 

we deduce from (I4.23p that the Weyl symbol of the operator /Ci e denoted li^ writes 
as 

where 



1 



exp 



(f + |) cos Oy + vy sin^ ^ 



/27r|sin^| ^ 2sin2^ 
The numerator of the fraction in the exponential is 



dy. 



v(l — cos I 



|(1 + COS( 



vy sin^ 6 = 4 sin^ (2)^^ ~^ ^'^^'^ (^)^ 



so that the quadratic form in the variables v, y is positive definite for any < |^| < ^. 
This leads to 



1 



sin4(e)i.2 



^Z7r| sin 6*1 
1 



2sin2(»)cos2(9) / iy(, 



e exp 



cos\l)y' 



8sin2(f)cos2(f) 



dy 



cos^ 



exp - 2 tan^ U K 



and 



exp-(2tan2(|)(e2 + ^)) 



cos^ 



This proves (13.91) . Applying fl3.6p in the one-dimensional case provides the formula 
(IXTUD . Furthermore, (KTTh and flTT^ follow from ( KWf and fICTD . This ends the 
proof of Lemma 13.11 □ 
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Lemma 3.2. When the cross section is given by f l2.14l) . the Weyl symbol li of the 
first part of the linearized non-cutoff Kac operator /Ci belongs to the symbol class 
S*(R^). Furthermore, we have the following asymptotic equivalent 

(3.14) / - (cos^)^)d^ ~ ^r(l - s)F when k ^ +oo. 

J\e\<i s 



Proof. The asymptotic equivalent (13.141) follows from (14.181) . Setting 



A = i + e^ + -, 

we use the substitution rule with r = tan^(|) in the formula (13. 9p to get that 



(l_(l + r)e-2-(^-i)) 



dr 



sm 



tan 



2+2s(e 



-(l-(l + r)e"2"(^-^)) 



(1 + r) tan(|) 
dr 



1 + r 
dr 



+ T 



r_^((l + r)^^ - (1 + r)^e"2^(^"^)) rfr, 

u'{t) 



v{t) 



since dr = tan(|)(l + tan^(|))(i6'. By recalling that < s < 1 and integrating by 
parts, we obtain that 

2 



s tan 



1 + tan^ 



~2(A-1) tailed) 



1 + tan^ 



TT 



2 /-tan^d) 



+ - 

S 



where 



((s - 1)(1 + r)^-2 - s(l + r)''-ie-2-(^"^) + 2(1 + r)^(A - l)e~^^^^~^^) 



2r(A-l)^ ^ 



2(l + tan2(|))^-i 
stan^^d) 



/i(^,0 + s- 



^i(^,0 



2 /•Atan2(|) 



[.-1)1 



3 1 



a 



s-l 



o„ 2ct 



2(^-1) ,.,! /•^^^"'(t) , ^ ay-2rfa 



a 



+ 2 1 + - (A-l)e-''^e 



da 



4A^-i(A-l) /•^t^'^'(f) 



2^ 2,. (ia 



1 + -) e-""e- — 
a* 



- 2A 



Atan2(|) 



da 



a"" 



The sum of the first and last terms writes as 

■.Atan2(|) 

(3.15) h^,{v,0 = y ' 



2(s-l) ( a 
2fl + - 



a\''-'^da 



A/ (T^ 
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The main term is the second one 



(3.16) h,,{v, = - 1) I (l + ^) e^e" 
We may write 

(3.17) h{v, = - ^^^^tir^'|!f ' + + ^i,2(^, + s- 

^ 8 

By using that tan^(|) < 1 and that the function 



ajz\ 



is holomorphic on |z| < 1, we obtain that 

= 1 I " ' 

i>o 

S ^ 2^\> Jn 

0<j<N "'^ 



0<j<N 



2^+'\'~\\ - 1) 



+00 



0<J<W ^^ i2Atan2(f) 



2l+-A^-l(A - 1) /-SAtan^d) _ 

'p=0 J»i)=0 

To prove that the last hue belongs to S^~^~^, it is sufficient to prove that 
To that end, we ffist notice that the function uq is bounded 

/•l /.2Atan2(|) _ 

Mv,0\< / / ^ ^rV ll^^^+^^llLoo(|.|<tan2(|))^^+^--e-"'tipc^^ 



p=0 Jw=0 



(iV + 1)! " IU°°(kl<tan2(f))- 



Writing Co'o(i'5 = ^0(^(^,0)5 have 



°-^2AtanM- ^ / ptanM- rfp 



rfA V V8// A Jo N\ 

.1 /.2Atan2(f ) _ ^N 
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where the first hne belongs to S~°° and by following the exact same reasoning as 
for bounding the function uq, we notice that the second line is bounded above in 
modulus by a constant times A~^. It follows that 

|V.,5a;o|<A-i|V.,5A| <A-i/l 

The higher-order derivatives may be handled in the very same way. It follows that 
for any G N, 

(3.18) h,2= Yl A'-^"'(A-l)^^^r(l+j-s)a,- mod 8^"^-^ 

0<j<N ^ 



1 + — ) — 



The study of the term li^i is very similar. We may write 
,3.19) ,,M^2-y-^l [i-l-(lH-|;)e-»e*](lH-g 

s Jo ^ 2A/ Jo V 2A/ w'' 

so that the last term is almost identical to the symbol li^2 (with leading term A'^"^) 
and the first integral in the last line is equal to the negative constant 

2(1 -s) ,dt 



-7V-1 



S JO 

We deduce from (IXTTj) and (ITT^ that 

ol+s 

(3.20) h = T{1- s)y -do+ J2 ^i^"^' modS' 

where 

2(l + tan^(|))-^ 2(1 -s) f'"^'^' dt 
stan-(f) +^^70 ^ ^ 
An easy calculatior@ shows that 

2 21+^(2 + 72)^ 

(3.21) do I V ; 



ssin^^ffl 



The formula fl3.20p yields a full asymptotic expansion for li as a symbol belonging 
to the class S'^(]R^). This ends the proof of Lemma [3. 2[ □ 

3.3. Study of the linearized operator IC2- We consider the operator 

= - f^-'^' [ m ( ! - {fi'/'u).fi)dv)i d9, 

J\e\<f \Jm J 
using the notation f l4.ip and the expression fl4.7p . 



Use the change of variable t = tan^ d in the integral term. 
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Lemma 3.3. The Weyl symbol of the second part of the linearized non-cutoff Kac 
operator IC2 is equal to 



(3.22) i2{v,o= I m 

|9|<f 



2e-2(C^+^) 



exp 



(l+sin9)2 



1 + sin 6^ 
exp 



(l-sm6»)2 



1 — sin 9 

and satisfies 

implying in particular that I2 G S~°°(M^). 



de 



The formula (I3.22p makes sense as an ordinary integral according to Lemma 14.11 



Proof. As in the previous section, we may use the Bobylev formula (Lemma 14. 4p to 
write 



(3(9) i / (fxy^u) (0) i2{r]) - {fxy^u){ri sin 9) il{r] cos 9) e'^'^'dr]) d9. 



e 4 

(27r)t i|0|<f 
It follows that 

Rx(-f,f) ^ 

mi.^2,eu){v)d9, 

|e|<f 



e ^ - e — 2 — Q-wvsmt 



e''"'u{y)dy 1 d7]d9 



where the distribution-kernel of the operator IC2,e is given by (see subsection I4.4.3P 



(3.23) 



2 (%e(^^,y) + %0(^^, -y)) 



whereas the oscillatory integral ^2,0 is 



e 4 
2tt 



e 2 — e 2 e 



-tyr] sm t 



By using f l3.13p . we find that 



^2,e{v,y) 



We obtain that 



e 4 

271 

1 



_i£ V 27r (t; — y sin 1 

27re 2 exp - 



cos6' 



_ V 

e 4 _ 



cos 6' 



exp — 



2 cos2 ^ 
l^f — ?/ sin6')^ y"^ — v"^ 



\/2T^^2,e{v ~ 1'^ + I) = ^' 



k'°+4d^ 



COS 6* 



exp 



2 cos2 e 4 

4(1 - sin^) V + (1 + sine)2y2^ 
8 cos2 ^ . 
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and 



27rj?2,e(^'-|,-^'-| 



Setting 

we deduce from f l3.13p that 



cos 6' 



exp 



4('l + sin^)V 



sin6')^y^ 



8 cos2 9 



1 + sm 



l-sin^)V 2(l-sin^)^2 



so that 



■ exp 



2 cos2 9 
2(1 - sini 



1 + sin 6' 



1 + sin 6' V 1 + sin 6^ ' 4 

It follows from fl3.23p that the Weyl symbol /2,9 of the operator /C2,e satisfies 



■2.0[V - |, -V 



We obtain that 



/2,,(^,0 = 2e-^(^^+^ 



sin 9 



exp 



2(1 -sing) / 
1 + sing V 4 
1 /2(l + sinu;- 2 



sm( 



■ exp 



sin 9 



4 



We notice that the latter is an even, smooth function of the variable 9 which vanishes 
at zero. By using Lemma 14.11 we obtain that the Weyl symbol of the operator /C2 
is given by f l3.22p . Furthermore, note that the function 

2(1 - sing) 



TT TT 
4' 4 



1 + sing ' 



is valued in [6 - 4a/2, 6 + 4a/2]. Setting 



1 + sin g 

we easily check by induction on |a| - 



exp 



2(1 - sini 



1 + sin g 



that 



2(1 - sini 



d'.d^d^^ij = P^Av, e, 1 + sin g) exp - {^^^^r^ + T 



+ sing 

where Pa^p is a polynomial of degree |a| + + 4 in the variables (f,0 whose 
coefficients are rational fractions in the variable 1 + sin g. Since 6-4^2 > 1/3, the 
estimates following from Lemma 14.11 give the last statement of Lemma 13.31 whose 
proof is now complete. □ 



The theorems 12. H 12.21 12.31 and 12.41 are direct consequences of Lemmas 13.11 13. 2[ 13.31 
flCTj) . (14:20]) and the Mehler formula ( K8\f . 
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3.4. Proof of the results for the radially symmetric Boltzmann operator. 

We consider the Boltzmann operator (11.21) with Maxwellian molecules 7 = whose 
cross-section satisfies the assumption (I2.18p . As proven in (I4.10p . Q{g,f) G ^(M'^) 
when f,g e y{R'^). 

Lemma 3.4. For f,gE yr{W^), we have 

(3.24) j^{Q{gj)){^)= [ m[m^^^o)f{^cose) - mho]de, 

J\e\<^ 

where (3 is the function defined in (I2.18P . 

Notice that the integral (I3.24p is well-defined according to Lemma 14.11 since the 
function g G J>^r(M'^) is even. 



Proof. Thanks to the Bobylev formula (Proposition 14. 3p . we may write with u = 



(3.25) J^{Q{gJ)){^)= b{cos9){smeY-' 
- 1^1 (w sin 6' © ucost 



9 



f 



^ + 1^1 (w sin 6* © cos I 



mm 



2 J ' \ 2 

The cross section fe(cos 6) is supported where < 6* < | and we notice that 
{ - |^|(a;sin6' © Z/COS6') = |{| (-w sin 61 © iy{l - cos 9)) 

= 2|e|sin 



dOduj. 



u cos I - 1 © z/ sm 



^+ |^|(a;sin6' © Z/COS6') = |^| (wsin6' © i/(l + cos6')) 



2|«|cos(-) 



wsm I - j © z/cos 



so that, since ^, / are radial functions 
'i - |C|(tc;sin6' © z/cos6') 



/ 



^ 1^1 (w sin ^ © z/ cos I 



^(l^|sin(^-jz/j =g(^^sm(^- 
/(le|cos(^)z.)=/(ecos(^ 



yielding 



^(Q(5,/))(0 = |S''"'I / 6(cose)(sin 



\d~2 



9{Csm{-j jf [Ccos ^2 



mfio 



de 



2 / ' 6(cos20)(sin20)'^-2|S'^-2| \g{^sme)f{Ccos9)-g{0)fiO 
Jo ' . ' L 



d9. 



=/3(e) from ifZlS) 



which provides (I3.24p . 



□ 
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We consider the first part of tfie linearized non-cutoff Boltzmann operator with 
Maxwellian molecules 

where /i is the Maxwellian distribution defined in f ll.lOp . The next lemmas are 
analogous to Lemmas 13.11 13.21 and their proofs follow the same lines, using Lemma 
13.41 instead of Lemma 14. 4[ 



Lemma 3.5. When acting on the function space ^^^^(IR'^), the operator is equal 
to the operator H\ defined by the Weyl quantization of the symbol 



|e|<f 



(3.26) 

where /3 is the function defined in (12.181) . 



^ exp(-2tan^(|)(|ep + ^)) 

COs2'^(f) 



d9. 



Lemma 3.6. When the function /3 is given by (12.261) . the symbol li-aiv,^) belongs 
to the class S'^(M^'^). Furthermore, there exists a sequence of real numbers {ck.d)k>i 
such that for all N > 1, 

N 



M^,o = co(i+iep+^)^-rfo+5^CM(i+ieP+^ 



2 \ s—k 



k=l 



4 



mod S 



s~N-lfTn,2d\ 



where the positive constants Co,do > are given by (12.151) and (13.211) . 



Proof of Lemmas \3.5W3.(A The following proofs are very similar to those given for 
the non-cutoff Kac operator. However, we pay attention to slightly different compu- 
tational details due to the multidimensional situation. Let u be in the space ^r{^'^)- 
It follows from the Bobylev formula (Lemma 13. 4p and the Fourier inversion formula 
that 



e 4 



(27r 



3d 
I 4 



JJ (3(6) fi{0)iJMhL{7]) -i2{7]sme)i^{7]cose) e'''-'^d7]de. 



'x(-f,f) 

By using (13.131) . we may write 

-/i-i/2Q(/i,/ii/\)(^;) 



mi^i,eu)iv)de, 



|e|<f 



where the distribution-kernel of the operator Ci^e is given by 

e 4 

S^iA^', y) = ^Q{v-y)- . „, , exp 



V — y cos 9 1 



(2 



7r 2 



sin 6' I 



2 sin^ e 



Since 
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we deduce from f l4.23p that the Weyl symbol li^g-d of the operator Ci g writes as 
where 



\y\ COS 

(27r)i|sine|'^ Jm" ^ 8 sin^d ) cos\2. 



COS^'^^2 



L5-e.p-(2U„^(^)(,r + M!)). 



This leads to 

, , , exp-(2tan^(f)(|eP + q^)) 

cos^'^d) 

According to Lemma 14.1^ this proves fl3.26p since is an even, smooth 

function of the variable 6 on the interval [— f, f] which vanishes at ^ = 0. We shall 
now check that the symbol h-d belongs to the class S'*(]R^'^). Setting 



|2 

|2 



\V\ 

T 



A = l+ieh 

we use the substitution rule with r = tan^(|) in the formula f l3.26p to get that 



Jo sm^+^'(|)' '(l + r)tan(|) 

/•tan2(|) 

= 2 / T-^-' ((1 + r)^-^ - (1 + r)^+'^-ie-2^(^-^)) rfr, 



^ ' v(t) 



since dr = tan(|)(l + tan^(|))(i^. Integrating by parts, we obtain that 



gs-°° 

s+d-l^——^, — / „/7r\\s-l 



'^^ stan^^d) Lv V8// V VS 

+ - / [(s - 1)(1 + r)^-2 - (s + - 1)(1 + r)^+^-2e 

+ 2(l+r)^+''-^(A-l)e-'"(^-^)] 



s+d-2 ^-2t{X-1) 

dr 



2(1 + tan2(f))^-i ^ 



stan^'^lf J 
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where 



Atan^d) 



(s + rf - 1) 1 



[.-1)1 



s~2 



(j\ s+d—l 



X 



(A - l)e-'''e 



da 

a' 



s Jo \ X) a' 



+ -y~\x-i) 

S JO 



1 + 



-A 



1 + y) e"'"e^ 
A/ cr« 



The sum of the first and last terms writes as 



(3.27) hM^,0 



2A 



Atan2(i) 



s — 1 S + d—l 



1+-) .-ex 



cr 



The main term is the second one 



(3.28) /,,,(., = ^A^-(A - 1) / + 

S n \ IX/ 



We may write 



(3.29) 



2fl + tan^f-)!^"^ 

hAv. = - ^ . 2. ' + + h,2A^. + s- 



stan^^d) 



By using that tan^(|) < 1 and that the function 



z ^ Kd{z) = (1 + zY+'^-^e^' = «i 

j>0 
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is holomorphic on |z| < 1, we obtain that 

" « ^ j^,^'^' Jo 

9I+S ^ /.2Atan2(|) 

+ ^ (2A)^+^ X^ol^o iV! ^ ^2aJ^ ^ ^^^^ 



0<j<Af 



21+ 



GS 



— 00 



To prove that the last hne belongs to S''"^"^, it is sufficient to prove that 
To that end, we ffist notice that the function u^-d is bounded 

I ( C\\ ^ / * l-L-PJ II {Af+l)|| iV+l-s -wi 1 

\^^0;d[v,e.)\< I I — \\k'^ ||L-(|z|<tan2(f))W 6 dpdW 

Jp=oJw=0 ■ 



^ r(iv + 2-s) „ (^+1) 

(iV + 1)! " l|L-(k|<tan2(f))- 



Writing Wo;<i(^',0 = ^0;d(A(^;, 0)> ^e have 



dX V V8// A Jo N\ 

p1 /•2Atar2^i 

A ' 



'p=0 >/u;=0 

where the first line belongs to S~°°, and by following the exact same reasoning as 
for bounding the function Uo-d, "we notice that the second line is bounded above in 
modulus by a constant times A"^. It follows that 

|V.,5u;o;d| <A^i|V,,5A| <A-i/2_ 

The higher-order derivatives may be handled in the very same way. It follows that 
for any N eN, 

(3.30) h,2;d= Yl A'"^-i(A- l)^^^r(l +j-s)aj mod 8'"^-^ 

0<j<N ^ 
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The study of the term h^i-d is very similar. We may write 
,3.31) 0.2.i^A-^ (l + i^) 

so that the last term is almost identical to the symbol li,2;d (with leading term A''"^) 
and the first integral in the last line is equal to the negative constant 

We deduce from (Km and (Km that 

(3.32) h.d = ^T(^l- s)\' -do+ J2 modS^-^-\ 

where do is the constant given in (13.211) . This ends the proof of Lemma [3.61 □ 



We consider the second part of the linearized non-cutoff Boltzmann operator with 
Maxwellian molecules 

= -/i"^/2g(/i^/\,/i), 

where /x is the Maxwellian distribution defined in (ll.lUp . 



Lemma 3.7. When acting on y'riM'^), the second part of the linearized non-cutoff 
Boltzmann operator with Maxwellian molecules ££2 is equal to the operator £2 defined 
by the Weyl quantization of the symbol 



(3.33) kAv,^ 



m 



\e\<l 



exp 



2 COS^ 0(1^12+ 

(l+sm6»)2 



'1 + sin I 



-2 



exp 



2cos^e(|gp+kL) 

(l-sin6»)2 



(1 - sin^)'^ 
satisfying 

and implying in particular that l2-d ^ S~°°(M^'^). 



de. 



Notice that the integral (13.331) makes sense as an ordinary integral according to 
Lemma 14.11 
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Proof. As in the previous section, we deduce from the Bobylev formula (Lemma 
that for any u G ^^(M'^), 



13(6) { / (/ii/2^i)(o)/2(ry) - (^i/2n)(rysin^)^(rycose) 



^2U = 

Hi 
e 4 

(27r) 4 j\e\<^ 
It follows that 

= If ^^'AjIyI 

mi^2,e;du){v)de, 

where the distribution- kernel of the operator £2,6;^ is given by (see subsection I4.4.3p . 

1 



e 4 



e 2 — e 2 e 



~ij/-r; sin t 



e'''-'^u{y)dy drjdO 



(3.34) 

whereas the oscillatory integral £2,0;^ is 



'22,e;d(^^,l/) 



e 4 



(27r)'^ 

By using (13. 131) . we find that 



e 2 — e 2 e 



-ly-rjsmt 



e 4 



(2vr) 
(2vr)- 



, ,d H^ (27r)2 It; — ysin^P 
, ^(27r)2e-— -^exp-J ^ L 



cos 



e 4 



cos'^ 6' 



exp 



2 cos2 e 



\v — y sin 6*1^ |yp — \v\ 



2 cos2 ^ 



We obtain that 

(27r)fi:2,M(^-f,^ + |) 



e 8 



1 /4(1 -sin^)2|t;|2+ (l + sin^)2|yp 

exp - 



cos'^6' 



8 cos2 e 



and 
Setting 



y 

2' 



cos*^ 6 



exp 



4(1 + sine)2|tf + (1 -sine)2|y|2 
8 cos2 e 
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it follows from fl3.13p that 

(l + sm6')'* \ icos^t^ 1 + smt^ 

"^^ (l + sin^)^''''P I 1 + sin^ U^' + a))- 

We deduce from f l3.34p that the Weyl symbol of the operator £2,6*;^ is given by 

This implies that 

2^^"^ /2('l - sin^) .,.,0 luf 



4 



^"^'^ ^2('l + sin^),, 2 I^^P 



(1-sin^)^ V 1-sin^ 4 

The end of the proof of Lemma 1X71 is then identical to the proof given for Lemma 

□ 



Theorems 12.51 12. 6^ 12.81 and Corollary 12.71 are direct consequences of Lemmas 13. 5^ 13. 6[ 
Oand the formulas ([SSD, dSSD along with (Km and (ICTD . 

4. Appendix 

4.1. A distribution of order 2. For (p a function defined on M, we denote 
(4.1) = + 

its even part. 

Lemma 4.1. Let v E Ll^^(M.*) be an even function such that O'^uiO) E L^(M). Then, 
the mapping 

0GC2(M)h^iim [ i^{e){<f){e)-(f){o))de= [ [ {i-t)e^u{e)(f)"{te)dedt, 

"^^0+ J\e\>e Jo Jr 

is defining a distribution of order 2 denoted fp(i^). The linear form fp (i^) can be 
extended to C^'^ functions (C^ functions whose second derivative is L°°). For (p E 
C^'^ satisfying (j){0) = 0, the function vcf) belongs to L^(]R) and 



(4.2) 



(fp(z/),0)= / u{e)mde. 
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Proof. We have 

iy{9){(^{9)-(^{0))d9= [ [ {l-t)9^u{9)(f)"{te)d9dt, 

'\e\>e Jo J\e\>£ 

and the Lebesgue dominated convergence theorem gives the first result. The exten- 
sion to C^'^ follows from the formula 

\{m - 0(0)) + \{<P{-9) - 0(0)) = \ j\<P\T) - <P'{-r))dT, 

since the absolute value of the latter is bounded above by |||0"||l°°6'^. This imphes 
that 

u{9) X even part(0(^) - 0(0)) G L\ 
proving as well the last statement. □ 

4.2. The non-cutoff Kac and Boltzmann collision operators. 

4.2.1. The Kac collision operator. Let g,f & ^{R) be Schwartz functions. We 
define 

(4.3) Ff,g{v^v^) = fiv)g{v,), 0/,,(^,t;) = / {Ff,g{Rew) - Fj,g{w))dv., 

w 

where Re stands for the rotation of angle ^ in M^, 

'cos 9 — sin 6 
sin 9 cos 9 

We have 

Ff^g{Row) - Ff^g{w) = f{vcos9 - sm9)g{vsm9 + v^, cos9) - f{v)g{v^), 
so that by using the notations fi = /«), /' = f{v'), /* = f{v^), f = f{v) with 

v' = V COS 6' — sin 9, v'^ = v sin 9 + cos 6', G M, 

we may write 

(4.4) ^U0.^)= I {g'J' - gJ)dv,- 

Jr 

Furthermore, we easily check that its even part as a function of the variable 9 is 
given by 



/cos 6* -sin6'\ , , t d 



(4.5) <l>fA(^,v) = / {mf-9J)dv. = / {{gyj' - ig)j)dv.. 

Jr Jr 

Note that, for each 6* G M, the mapping 

(/, g) G X y{R) ^ ^j^g{9, ■) G ^(R), 

is continuous uniformly with respect to 9. In fact, the function Ff g belongs to 
=5^(M^). By denoting Hi the projection onto the first variable, this implies that the 
function 

v'd',<f)f,g{9,v)= [ U,{wyd^,^f,g{9,w)dv., 



is bounded since 

<l>f,gi9,w) = Ff^giRew) - Ff^giw) G ^(R^) 
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As a result, the function v i— )■ (f)f^g{6,v) belongs to ^(M) uniformly with respect 
to 9. Moreover, the second derivative with respect to 6 of the function 



belongs to c5^(]R^) uniformly with respect to 6. This implies that the second deriv- 
ative with respect to 6 of the function ^ is in S^{M.) uniformly with respect to 

e. 

We define the non-cutoff Kac operator as 

(4.6) K((7,/)(i;) = (fp(l(_.,.)/3),</)^,,(-,^;)), 

when /3 is a function satisfying (11. 9p . Since (f>f^g{0,v) = 0, Lemma l4?T] allows to 
replace the finite part by the absolutely converging integral 

(4.7) K{gJ){v)= f mi! {g'J -9*f)dv^de = K{gJ){v). 

J\e\<i ^Jr ^ 



Lemma 4.2. For g, f be in y(R), then K(g, /) G ^(R). 



Proof. We deduce from the above properties of the function and (14. 6 p that the 
function K{g, f ) is smooth and that for any fc, / G N, 



v'd'.mgj))iv) = (fp(l(_.,|)/3),i;'9,^0/,,(-,tO). 

Since the second derivative with respect to 6 of the function (pf^g belongs to <5^(M) 
uniformly with respect to 6, we obtain that 

v^v^d',{K{gJ-))iv)eL^. 

□ 

4.2.2. The Boltzmann collision operator. We consider the Boltzmann operator with 
Maxwellian molecules 

QigJ)= [ [ b(^^^-a)ig'J'-gJ)dadv,. 

By using polar coordinates, f — f * = pi^, p > 0, G S''"^, we may write 
0(9,/) = 

/ K''-)K''-^^)/(''+^^)-s(''-''-)/('')lp''-'*''-'i''- 
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Setting a = Ci;sin6' © ucosO with G S , u u, < 6 < n, we obtain that 



Q{g,f)= [ b{cos9)p^~\smP^'^~^ 



, piuj sin ^ © z/ cos 6 + u)\ ^ / piuj sin 6* © z/ cos 6 — u) 



2 

dpdOdujdu 



+ X§;i"^x(0,7r)x§^~^ 



6(cos^)p'^-^(sin^)^-2 

e ew / . e r e 



( ^ ( . ^ ,( . ^ ( ^ ■ 

gyu — p cos - sm - © z/ cos -jjjyu + psm- cos 2 ® 2 / / 
— giy — pu)f{y) dpdOdujdu. 
Since the cross section b{cos6) is supported where < ^ < |, we have 

Q{g,f)= I 2b{cos29)p'^-\sm29y-^dpd9dudu 

g{y — p cos 9{uj sin 6 © z^cos6'))/(f + p sin 6'(a; cos 6^ © z^sin6')) — g{v — pu)f{v) 
By using (12.181) . we obtain that 

Q^9. f) = [ 2mp''-'dpd9dcodu 

g{y — pcos9{(jjsm.9 © u cos 9)^ f (^v + psin6'(a;cos^ © z^sin6')) — g{v — pu)f{v) 
We define 

(4.8) ^f {9,v) = —^ g(v - pcos9{usm9 ®ucos9)) 

P \ Jsi-^xR+xsi-' 

X /("^ + p sin 6^(0; COS 6' © u sin 9)) p'^~^ did dpdi 

We notice that 

'^f^g{-9,v) = I I g(v - pcos9{-uJsin9 ® ucos9)) 

P \ Jst^xU+xSt-^ 

X f{y — p sin 9(uj cos 9 ® v sin 9)) p'^^^dcodpdu 

g(y — p cos 9{uj sin 9 ® v cos 9)^ 
X f{v + p sin 9{(jO cos 9 Q u sin 9)) p'^~^dudpdu 



IS' 



d-2\ 



i-^xR+xSi-'' 



so that the function 9 i— t- '^f g{9,v) is even. Furthermore, we have 
(4.9) ^/,,(0, v)= f g{v - pu)f{v)p''-'dpdu. 
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When f,g e y{R'^), we get that v eR'^^ d^^f^g{e, v) belongs uniformly to y{W^) 
since 

1"^^*^ + I'^T = \v — p cos 9{uj sin 9 © z/cos6')p + |f + p sin 6'(u; cos ^ i/sin6')p 

= 2|t;p + - 2pv ■ V = + \v - pu\^ = + \v\^ > -(K'P + p^). 

3 

Lemma 14.11 allows to define the Boltzmann operator 

(4.10) Qi9j)iv)= I m{^U(^.v)-^f,M^))d9. 

Furthermore, we have Q{g, /) G when /, (7 G 

4.3. The Bobylev formula. 

4.3.1. The Bobylev formula for the Boltzmann operator with Maxwellian molecules. 
For the sake of completeness, we include the statement of the Bobylev formula 
following the presentation given in the appendix of [1] . The Bobylev formula provides 
an explicit formula for the Fourier transform of the Boltzmann operator (11. 2p . 



Proposition 4.3. The Fourier transform of the Boltzmann operator with Maxwellian 
molecules whose cross section satisfies the assumption lil.5\) . 

is equal to 

J'{Q{9J)){0= I Q{9j){v)e~'''-^dv 
where ^+ = and T = 



4.3.2. The Bobylev formula for the Kac operator. For f,9& ^(R), the function 

(4.11) 9 ^ iJf,g{9,0 = g{^sm9)f{^cos9)-g{0)m, 

is vanishing at zero and has a bounded second derivative. According to Lemma [4.11 
the following integral makes sense 



I\0 



m^fAo,od9 



el<f 



m^fdo,od9, 



where 'tjjf^g{9,^) is the even part of the function ipj^g with respect to the variable 9, 
when the cross section /3 satisfies the assumption (11. 9p . 



Lemma 4.4. When the cross section satisfies the assumption (ll.9p . the Kac operator 
K{g,f) defines a Schwartz function for f,g & t9^(R). Furthermore, its Fourier 
transform is given by 



m ^(esin^)/(ecos^)-?(o)/(o 



d9. 
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Proof. We deduce from Lemmas SHI 1121 (HUD, dSD and K7} that 

(4.12) if(^)(e) = Au7)(0= JJ p{e)<pae,v)e-'''[ dedv 

= lim rr (3{e)(f)fje,v)e-'''^dedv. 

{e<|f|<f }xIR 

We consider 

X^= JJJ ^{e)g{vsme + v,cose)f{vcose -v,sme)e-'''^dedvdv,. 

{£<|0|<f}xR2 

By using the substitution rule with the new variables x = vcosO — t;4,sin6', y 
V sin 6 + v^: cos 6, we obtain that 

= JJJ mf{^)me-'^'''''''^''''''^^dedxdy 

{e<l«'l<f }xR2 



/3(^)/(ecos^)^(esin^)d^. 

£<|e|<f 



Since 



{£<|f|<f}xK2 >^{£<|e|<f} 

we get that 

JJ /3W0/,K^,^)e-^''«ci^ci^= / ^(^)(/(ecos^)F(esin^)-^(0)/(O)rf^. 

Lemma 1131 follows from (14. lip . (I4.12p and Lemma SJl □ 
4.4. Miscellanea. 

4.4.1. The harmonic oscillator. The standard Hermite functions (0n)neN are defined 
for X G M, 

(4.13) 0„(x) = e 2 - — (e ) = , a; — (e 2 ) = _!_ 

where a+ is the creation operator 

1 / d 



dxJ' 

The family (0n)nGN is an orthonormal basis of L^(R). We set for n G N, a 

(«i)i<i<d e X G M, w G 

(4.14) V^„(x) = 2-i/V„(2-^/^x), ^„ = -l=g- 

d 

(4.15) ^a{v) = Y[tpa,{Vj), Sk = Span{'^a}aeN^,\a\=k, 
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with \a\ = ai + ■ ■ ■ + a^. The family {"^a) orthonormal basis of L 

composed by the eigenfunctions of the ci-dimensional harmonic oscillator 



I 1 2 7 

(4.16) H = -A, + ^ = 5^(- + fc)Pfc, Id = 5^P 



k, 

k>0 ~" ' fc>0 



where is the orthogonal projection onto £k whose dimension is C^^^j^^)- The 
eigenvalue d/2 is simple in all dimensions and So is generated by the function 



where fi is the Maxwellian distribution defined in fll.lOp . 
4.4.2. An asymptotic equivalent. We consider the integral 

(4.17) X'k= [ f3{9){l- {cose f)d9, keN, 

where /3 is the function defined in fl2.26p . We want to prove the following asymptotic 
equivalent for the integral A'^, when A; — )■ +oo, 

(4.18) K^cok^ with Co = 2^+^/ (l-e-)^ = T{l-s). 



To that end, we use the substitution rule with v = 2sin^(|) to obtain that 
Furthermore, we have for any w G (0, k) with k > 1, 

''^(i-(i-i)')^s*i^v,w + ' ' 



yjl + S 



= ^l[0,l]H + l(l,+oo)(^)^Gi^^ 



It follows from the Lebesgue dominated convergence theorem that 

hm ^ = 2^+^ / (l-e-'")4^. 
k^+oo k" Jo w^^" 

We shall now estimate from above the term 

(4.19) K' = [ P{e){sinef^de, i>i. 



We have 



- ' Jo 2i+2'^sin^+2s(|) V 6 J 

/7r\l+2s /"f /TTX 2«-2s7rl+2s 



.2/ ./n V4/ l-s 

42% /. 4- 



4 , / , 

< exp —21 log 

1 — s \ 



vr 
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SO that \'l is exponentially decreasing when / — +00, 

(4.20) < Af < ^^exp-2/f log-V / > 1, < s < 1. 

1 — S V TT/ 

These estimates prove (12. 23 p . 

4.4.3. On the Weyl quantization. Let a be a tempered distribution on x M^. The 
symbol a may be Weyl quantized in an operator sending J^iW^) into ^'{W^). 
The formula f l2.12p is not readily meaningful, but a weak formulation is provided as 
follows. We consider the Wigner function of two functions /, (? G ^{W^), 

(4.21) miM) = pip I /(« + f)^FI)e-»%. 

We easily check that W{f,g) belongs to y{R^'^). For a G ^'(M^''), we define 
(4-22) (a*"/, fi'),y'(iRd),.r(M'') = («5 ^(/^ 9)).y"iR'2d)^^(^^2dy 

The standard formula (12.120 follows from this weak formulation. A nice feature of 
the Weyl quantization is the fact that 

[a"")* = (a)"', 

where d stands for the complex conjugate symbol of a. Real-valued symbols are 
therefore Weyl quantized as formally selfadjoint operators. The distribution-kernel 
of the operator a"' is given by 

^ ' {2TlYJ^a V 2 'V 

where the integral is understood as a partial Fourier transform. Conversely, we 
deduce from the previous formula that 

(4.23) a{v,i)= [ k(v-l,v + l)e'y<d: 

where the integral is understood as a partial inverse Fourier transform of the distri- 
bution kernel. A computation in the proofs above has to deal with the relationship 
between the distribution kernel k{v,y) G c5^'(M'^ x W^) of an operator A and the 
distribution kernel of the operator A given by 

iAu)iv) = iAu)iv), 

where u stands for the even part of u. An easy computation shows that 

(4.24) k{v, y) = i {k{v, y) + k{v, -y)) , 

where k stands for the kernel of A. The formula fl4.23p implies that the Weyl symbol 
of the operator A is 



1 



2 



d{v,i) = ^ I e'y^ k[v-^,v + ^] + k[v dy 



y . y\ . r f y y 



2' 2/ V 2' 2 



where k^^^ stands for the even part of the function k with respect to its second 
variable. 
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4.4.4. On radial functions. If n G S^{W^) is a radial function 

Vx G VA G 0(rf), u{x) = u{Ax), 

we define 

H^) = \^d-i\ / u{ta)da, t G M. 

|S I J§d-1 

This function is even, belongs to the Schwartz space =5^(M) and satisfies 

Vt G M, V(7 G §'^~\ u{t) = u{ta), VxGM^ u{x)=u{\x\). 

Borel's theorem shows that the mapping t ^ u{t) is also a Schwartz function of the 
variable t"^. We also recall that the Fourier transform of a radial function is radial 
and that the Fourier transformation is an isomorphism of the space S^ri^"^)- 
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